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Abstract 


In this project, we study some important topics related to 
congruence in number theory framework. In particular, linear 
congruence, Chinese reminder theorem, and system of linear 
congruence are studied. To solve the system of linear 
congruence, we carry on the well-known methods that are 
used to deal with linear algebraic systems to give solutions of 
linear congruence systems. Such methods are Gauss-Jordan 
elimination and Crammer's rule. Non trivial solution of 
Homogeneous linear of congruence is found. Also, we re-define 
the modular matrix and the operation on it based on 
congruence, and investigates some properties for these 
matrices. 
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Introduction 


Number theory is the study of the divisibility properties of 
the integers. Natural numbers are the oldest and the most 
fundamental mathematical objects. Since ancient time, human 
beings have been fascinated by magical, mystical properties of 
numbers. The numerous intriguing properties of numbers have 
led a great number of mathematicians and non- mathematicians 
to devote considerable energies to their study. The result has 
been the development a beautiful and powerful theory, whose 
aim is to answer questions about the integers. Our goal to 
study the elementary aspects of a wide array of techniques 
available to mathematicians. 

In this project, we start by introducing congruences and 
their properties. 
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Chapter 1 
Congruence 


The basic idea of congruences is to do arithmetic with the 
remainders obtained upon division by different integers. The 
reason being that all the information regarding divisibility 
questions is contained in the remainders obtained from 
divisions. The notation of congruences expresses the properties 
of remainders in a compact way, permitting their manipulation 
to deduce interesting facts about the integers. The notation and 
basic facts were given by Gauss in his great work, the 
Disquisitions Arithmetical published in 1801 . 


Definition 1.1. 

If a and b are integers, we say that a divides b (a/b) if there 
exists an integer c such that b = ac. If no such c exists, then a 
dose not divides b. If a divides b, we say that a is divisor of b, 
and b is divisible by a. 


Definition 1.2. 

Let m, a, and b be any integers, if m divides the difference 
a — b, then a and b are said to be congruent modulo m, that is, 
a — b = km for some integer k. We use the notation a 

congruent b by a = b (mod m). 
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Example 1.1. 


a) 12 = 6 (mod 2), we say that 12 is congruent 6 modulo 2 
because 12 — 6 = 6,2/6. 

b) 27 = 9 (mod 3), we say that 27 is congruent 9 modulo 3 
because 27 — 9 = 18,3/18. 

c) 16 = 25 (mod 3), we say that 16 is congruent 25 modulo 3 
becausel6 — 25 = (—9),3/(—9). 


Definition 1.3. 

Let m be a positive integer, the set of all equivalence classes 
modulo m is denoted by Z m and is called the set of integers 
modulo m. 


Example 1.2. 

Let 771 = 3, there are three equivalence classes for 
congruence modulo 3 so that the set Z 3 = {[o], [1], [2]} has 
three numbers. 


Definition 1.4. 

A number a is called the invers of a modulo m if aa = aa = 
l(mod rri). We say that a is invertible modulo m if it has an 
inverse. 


Remark. 

We know that division is not defined in the set of integers 
modulo m. When we need to divide, we convert the divisor into 
multiplication in invers, i.e., if b ^ 0 and gcd (b, m) = 1 , then 
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- modulo m is simply ab , providing that b has an inverse b 
modulo m. 

Example 1.3. 

1) As 2 ■ 6 = l(mod 11), the inverse of 6 modulo 11 is 2 
and the inverse of 2 modulo 11 is 6. 

2) The invers of 3 modulo 8 is 3 because 3 ■ 3 = l(mod 8) 

3 ) There is no invers for 2 modulo 8, as 2x = l(mod 8) for 
some x implies that 8/2x — 1, an impossibility, as 
2x — 1 is an odd number 

Theorem 1.1. 

The relation of congruence (=) is an equivalence relation, 
that is, 

1) Symmetric; a = a (mod m ) . 

2) Reflexive; if a = b (mod m), then b = a (mod m). 

3 ) Transitive; 

if a = b (mod m) and b = c(mod m), then a = 
c (mod m), where a , b, and m are any integers. 

Proof. 

1) Since m/(a — a) = 0, it is easy to see that a = 
a(mod m). 

2) If a = b(mod ni), then m/(a — b). Hence, there is an 
integer k with km = a — b. This shows that (— k)m = 
b — a, so that m/(b — a). Consequently, b = a (mod m). 

3) If a = b(mod m) and b = c(mod m), then m/(a — b) 
and 7?i/(b —c). Hence, there are integers k and l with 
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km — a — b and Im = b — c. Therefore, a — c — 

(a — h) + (h — c) = km + Im = (k + l)m. Consequently, 


m/(a — c ) and a = c(mod m) Q.D.E 


Theorem 1.2. 

If a, b, c and m are integers with m > 0 such that: 
a = b (mod m). Then: 

a) a + c = b + c (mod m) 

b) a — c = b — c (mod m) 

c) ca = cb (mod m) 

Proof. 

Sincea = h(mod m), we know that m/(a — b'). From the 
identity (a + c) — (b + c) = a — b, we see 

m[(a + c) — (b + c)], so that (a)follows .Likewise,(b)follows 
from the fact that (a — c) — (b — c) = a — b. To show that (c) 
holds, note that ac — be = c(a — h).Since mj{a — b), it follows 


that mjc{a — h),and henece, ac = he (mod m). Q-D.E 


Example 1.4. 

Since 19 = 3 (mod 8), it follows from Theorem 1.2 that 

26= 19+ 7 = 3 + 7 = 10(mod 8), 15 = 19- 4 = 3- 4 = 
— l(mod 8), and 38 = 19 ■ 2 = 3 ■ 2 = 6(mod 8). 
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Theorem 1.3. 


If a, b, c, d and m are integers such that m > 0, 
a = b (mod m) and c = d (mod m). Then: 


a) a + c = b + d (mod m) 

b) a — c = b — d (mod m) 

c) ca = bd (mod m) 


Proof. 


Since a = b(mod m) and c = d(mod m), we know that 
ml {a — b ) and m/(c — d). Hence, there are integers k and l 
with km — a — b and Im = c — d. 


To prove (a), note that 

(a + c) — (b + d) = (a — b) + (c — d) = km + Im = (k + l)m. 
Hence, m/[(a + c) — (b + d)]. Therefore, a + c = b + d (mod m). 

To prove (b), note that 

(a — c) — (b — d) = (a — b) — (c — d) = km — Im = (k — l)m. 
Hence, m/[(a — c) — (b — d)],so that a — c = b — d(mod m) . 

To prove (c), note that 


ac 


— bd = ac — be + be — bd = c(a — b) + b(c — b) = ckm + blm = 


m(ck + bl ). Hence, m/(ac — bd) . Therefore, ac = bd( mod m) Q.D.E 


Example 1.5. 

Since 13 = 3(mod 5) and 7 = 2(mod 5), using Theorem 
1.3 we see that 20 =13+ 7 = 3 + 2= 5 (mod 5), 
6 = 13-7 = 3- 2 = l(mod 5), and 91 = 13 ■ 7 = 3 ■ 2 = 
6(mod 5) 
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Chapter^ 

Linear congruence and Chinese reminder 
theorem. 

2.1 linear congruence 

Definition 2.1.1. 

A congruence of the form 

ax = b (mod m) 

Where x is an unknown integer, ax = b (mod nri) is called 
a linear congruence in one variable. 

In this section we will see that the study of such congruence 
similar to the study of linear Diophantine equations in two 
variables. 

Theorem 2,1.1. 

"Diophantine equations" Let a and b be positive integers 
with d = gcd(a } b ). The equation ax + by = c has no integral 
solutions if d not factor c. If d/c, then there are infinitely many 
integral solutions. Moreover, if x = x 0 , y = y 0 is a particular 
solution of the equation, then all solutions are given by 

x = x 0 + ( b/a)t, y -y 0 - ( a/d)t , where t is an integer. 
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Theorem 2.1.2. 


"Linear congruence" Let a, b and m be integers with m>0, 
and d = gcd(a,m). If d not factor b, then ax = b(mod m ) 
has no solutions. I i'd/b, then ax = b (mod m) has exactly d 
incongruent solutions modulo m. 

Proof. 

From proposition “If a and b are integers, then a = 
b (mod nri) if and only if there is an integer k such that a = 
b + km” the linear congruence ax = b (mod m ) is equivalent 
to the linear diophantine equation in two variables ax — my = 
b. The integer x is a solution of ax = b (mod m) if and only 

if there is an integer y with ax — my = b. From 

Theorem 2.1.1, we know that if d not factor b , there are no 
solutions, while if d/b,ax — my = b has infinitely many 

solutions, given by x = x 0 + ( m/d)t,y = y 0 — ( a/d)t . Where 

x = x 0 and y = y 0 is a particular solution of the equation. The 
values of x given above, x = x 0 + ( m/d)t , are the solutions of 
the linear congruence; there are infinitely many of these. 

To determine how many incongruent solutions there are, we 
find the condition that describes when two of the solution 
x ± = x 0 + (m/d)^ and x 2 = x 0 + ( m/d)t 2 are congruent 
modulo m. If these two solutions are congruent, then 

x 0 + ( m/d )t x = x 0 + (m/d)t 2 (niod m). 

Subtracting x 0 from both sides of this congruence, we find that 
{m/d')t 1 = (m)d)t 2 (mod m). 

Now gcd(m,m/d ) = m/d since ( m/d)/m , so that 

L = f 2 (mod d) 
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This shows that a complete set of incongruent solutions is 
obtained by taking x = x 0 + ( m/d)t , where t ranges 
through a complete system of residues modulo d. One such set is 


given by x = x 0 + ( m / d)t where t = 0,1,2,..., d — 1 Q.D.E 


Example 2.1.1. 

To find all solution of the linear congruence 9x = 12 (mod 15). 
We first note that since gcd(9,15) = 3 and 3/12, there are 
exactly three incongruent solutions. We can find these 
solutions by first finding a particular solution and then adding 
the appropriate multiples of 15/3 = 5. 

To find a particular solution, we consider the linear 
Diophantine equation 9x — 15y = 12. The Euclidean 
algorithm shows 

15 = 9-1 + 6 
9 = 61+3 
6 = 3 - 2 , 

So that 3 = 9 — 6-1 = 9— (15 — 9-1) = 9- 2 — 15. Hence, 
9 ■ 8 — 15 ■ 4 + 12, and a particular solution of 9x — 15y = 12, 
is given by x 0 = 8 and y 0 = 4. 

From the proof of Theorem 2.1.2, we see that a complete set of 
3 incongruent solutions is given by x = x 0 = 8 (mod 15), 
x = x 0 + 5 = 13(mod 15), and x = x 0 + 5- 2 = 18 = 
3(mod 15) 
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2.2 Chinese reminder theorem 

An important problem is to find integers satisfying many 
different divisibility conditions. Also, in many applications, we 
reduce a computation modulo composite numbers to a 
computation over its prime factor. The Chinese Remainder 
Theorem is the fundamental tool that allows us to combine 
congruences to reach conclusion about the original problem. 
The idea first appears in the writings of the Chinese 
mathematician Sun-Tzu, who lived in the third century. The 
method was further developed by Chin Chiu-Shao in the 
thirteen century. In the west, Euler seems to have been the first 
to study it extensively. The method is fundamental and has 
numerous applications. 

Chinese reminder theorem. 

Let m 1 , m 2 ,..., vn r be pairwise relatively prime positive 
integer. Then the system of congruence 

x = aj (mod m,) 
x = a 2 (mod m 2 ) 

x = a r (mod m r ). 

Has a unique solution modulo M = m 1 m 2 ...m r 
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First, we construct a simultaneous solution to the 
system of congruence. To do this, let M k = M/m k = 
m 1 m 2 ...m k - 1 m k+1 ...m r . We know that gcd( M k , m k ) = 1 
from "if a 1 ,a 2 ,, a n are integers, and b is another integer such 
that gcdCa-^h) = gcd(a 2 ,b) = ••• = gcd(a n ,h) = 1, then 
gcdCaqa^ ... a n ,b ) = 1" since gcd(m ;j 7n k ) = 1 whenever 
j ^ k. Hence, from Theorem 2.1.2, we can find an inverse 
y k of M k modulo m k , so that M k y k = l(mod m^). We now 
form the sum 


x = a 1 M 1 y 1 + a 2 M 2 y 2 + —f a r M r y r 

The integer a: is a simultaneous solution of the r congruences. 
To demonstrate this, we must show that x = a k (mod m k ) for 
k=l,2,...,r. since m k /M k whenever j ^ k we have Mj = 
0(mod t7t k ). Therefore, in the sum for x, all terms except the 
kth term are congruent to 0(mod m^). Hence, x = a k M k y k = 
a k (mod t7t k ), since M k y k = l(mod t7t k ). We now show that 
any two solutions are congruent modulo M. Let x 0 and x 1 both 
be simultaneous solutions to the system of r congruences. 
Then, for each k, x 0 = x 1 = a k (mod m fe ), so that 
m k / (x 0 — Xi). Using Theorem 2.1.2, we see thatM/(x 0 — x x ). 
Therefore, x 0 = x 1 (mod M).This shows that the simultaneous 
solution of the system of r congruences is unique modulo M. 

MM 

We illustrate the use of the Chinese remainder theorem by 
solving the system that arises from the ancient Chinese puzzle. 
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Example 2.2.1. 

To solve the system 

x = 1 (mod 3) 
x = 2(mod 5) 
x = 3 (mod 7) 

WehaveM = 3 ■ 5 - 7 = 105, Af x = 105/3 = 35, 

M 2 = 105/5 = 21, and M 3 = 105/7 = 15. To determine 
y 1 we solve 35 y 1 = l(mod 3), equivalently, 2 y 1 = l(mod 5). 

This yield y ± = 2 (mod 3). We find y 2 by solving 
35y 2 = l(mod 5); this immediately gives y 2 = l(mod 5). 
Finally, we find y 3 by solvingl5y 3 = l(mod 7).This gives 
y 3 = l(mod 7).Hence, 

x = 1 ■ 35 - 2 + 2- 21 -1 + 3- 15-1 

= 157 = 52(mod 105) 


Example 2.2.2. 

To solve the linear congruence 9x = 12(modi5) by using 
Chinese reminder theorem we first note that since gcd(9,15) = 
3 and there exist 3 solutions. In this method we find one 

of them such that the primary factors of 15 = 3-5, so we can 
write the linear congruence as 


9x = 12(mod3) 
9x = 12(mod5)’ 


equivalently to 


x = 0(mod3) 
x = 3(mod5) 


Now, by using Chinese reminder theorem we have M = 15 
Mi = 5 and M 2 = 3. 
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To determine y 1 we solve 5 y 1 = l(mod 3). This yield y 1 = 
2(mod 3). Finally, we find y 2 by solving 3 y 2 = l(mod 5). This 
gives y 2 = 2(mod 5). Hence, 

x=0-5-2 + 3- 3- 2 = 18 = 3 (mod 15) 

Note that this method is not more effective than theorem 
2.1.2, because finds any solution close to it, ignoring the other 
solutions, but it easier and faster when gcd(a, m) = 1. 


Example 2.2.3. 

To solve the linear congruence 3x = 4(modl0) by using 
Chinese reminder theorem we first note that since gcd(3,10) = 
1 and 1/10, there exists one solution. In this method we can 
find it such that the primary factors of 10 = 2 ■ 5, so we can 
write the linear congruence as 


3x = 4(mod2) 
3x = 4(mod5) ’ 


equivalently to 


x = 0(mod2) 
x = 3(mod5) 


Now, by using Chinese reminder theorem we have M = 10 
M 1 = 5 and M 2 = 2. 

To determine y^we solve 5 y 1 = l(mod 2). This yield y 1 = 
l(mod 2). Finally, we find y 2 by solving 2 y 2 = l(mod 5).This 
gives y 2 = 3(mod 5).Hence, 

x=0-5-l + 3- 2- 4 = 18 = 8 (mod 10) 
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Chapter 3 

Modular matrix. Determent, Adjoint and 
Invers of modular matrix 

3.1 modular matrix 

Definition 3.1.1. 

The matrix modulo m is called a modular matrix if its 
entries are the integers modulo m. We denoted by A (mod m) 
when A is the matrix overZ m . 

In general 



a n 

a \2 

a m 


A = 

a 2\ 

a 22 ''' 

a 2n 

(mod m) 


_ a nl 

a n2 

a nn_ 



Definition 3.1.2. 

Let A and B be n X k modular matrices with integer entries, 
with (i,j)th entries aij and bij, respectively. We say that A is 
congruent to B modulo m if a^- = bij (mod m) for all 
pairs (i,y) with 1 < i < n and 1 < j < k . We write 
A = B (mod m) if A is congruent to B modulo m. 
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Example 3.1.1. 

We easily see that 


“15 

3“ 


’ 4 3“ 

8 

12 


-3 1 


(mod 11) 


Definition 3.1.3. 


If A is an m X k modular matrix and B is an k X n modular 
matrix, then the product AB is the m X n modular matrix 
whose entries are determined as follows: To find the entry in 
row i and column j of AB , single out row i from the matrix A 
and column j from the matrix B. Multiply the corresponding 
entries from the row and column together, and then add up the 
resulting products 

Proposition 3.1.1. 

If A and B are n X k modular matrices with A = B (mod m ), 
C is a k X p modular matrix and D is a p X n modular matrix, 
all with integer entries, then AC = BC(mod m ) and 
DA = DB (mod m). 

Proof. 

Let the entries of A and B be aij and bij, respectively, for 
1 < i < n and 1 < j < k and let the entries of C be c^ for 
1 < i < k and 1 < j < p. The (i,j)th entries of AC and BC are 
Yf =1 a it c t j and Yf =1 b it c tJ -, respectively. Since A = B(modm) 
we know that ai t = bi t (mod m) for all i and k Hence, from 
Theorem 1.3 we see that a it c tj = £t=i (mod ?n). 
Consequently, AC = BC( mod m). 

The proof that DA = DB( mod m) is similar and is omitted. 

PI 
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Example 3.1.2. 

Consider the modular matrices 





“4 

1 

4 

3“ 


“12 4 






A = 

2 1 0 

(mod 5), B — 

0 

4 

3 

1 


l_ _I 


2 

2 

0 

2 


(mod 5) , find AB. 


Since A is a 2 X 3 modular matrix and B is a 3 X 4 modular 
matrix, the product AB is a 2x4 modular matrix. To 
determine, for example, the entry in row 2 and column 3 of AB, 
we single out row 2 from A and column 3 from B. Then, as 
illustrated below, we multiply corresponding entries together 
and add up these products. 


"1 2 4~ 

2 1 0 

'4 14 3' 

0 4 3 1 

2 2 0 2 

(mod 5) = 

'####' 

# # 1 # 

(2 ■ 4 +1 • 3 + 0 • 0)(mod 5) = ll(mod5) = 1 


(mod 5) 


The entry in row 1 and column 4 of AB is computed as follows: 



'4 

1 

4 

3' 





'1 2 4' 






'# 

# 

# 3' 

2 1 0 

0 

4 

3 

1 

(mod 5) = 

# 

# 

# # 


2 

2 

0 

2 






(mod 5) 


(1 • 3 + 2 ■ 1 + 4 ■ 2)(mod5) = 13(mod5) = 3 


The computations for the remaining entries are 

(1 • 4 + 2 • 0 + 4 • 2)(mod5) = 12(mod5) = 2 
(1 • 1 + 2 • 4 + 4 • 2)(mod5) = 12(mod5) = 2 
(1 • 4 + 2 • 3 + 4 • 0)(mod5) = 10(mod5) = 0 
(2-4 + l-0 + 0-2)(mod5) = 8(mod5) = 3 
(2 -1 +1 - 4 + 0 • 2)(mod5) = 6(mod5) = l 
(2 • 3 +1 • 1 + 0 • 2)(mod 5) = 7(mod5) = 2 


AB = 


2 2 0 3 

3 112 


(mod 5) 
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3.2 Determinants by Cofactor Expansion of modular matrix 


In this section we will define the notion of a “determinant.” 
This will enable us to give a specific formula for the inverse of 
an invertible modular matrix, whereas up to now we have had 
only a computational procedure for finding it. This, in turn, 
will eventually provide us with a formula for solutions of 
certain kinds of linear congruence. 


Definition 3.2.1. 

If A is an n X n modular matrix, then the minor of entry aij 
is denoted by Mjy and is defined to be the determinant of the 
submatrix that remains after the itli row and jth column are 
deleted from A. The number (—1 ) l+J Mij is denoted by Qy and 
is called the cofactor of entry a 


Remark 1. 


the cofactorof modular matrix is 


r C 

'“'11 '■"12 

c c 

'■"21 '■"22 


c c 

'■"nl '■"n 2 


Remark 2. 


In 


2 n 


c„ 


(modm) 


a n 

a 2l 


a 


12 


a 


22 


(mod m) = (a n a 22 


a l2 a 2l )(inodm) 
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Example 3.2.1. 


Find the minors and cofactors for the modular matrix 
"3 1 3" 

A = 2 5 6 (mod7) 

1 4 1 

Solution 

The minor of entry a tl is 

5 6 

M n = = -19(mod7) = 2 

The cofactor of a 1± is 

C ±1 = (-l) 1+1 M n = 2(mod 7) = 2 

The minor of entry a 12 is 

2 6 

M 12 = =-4(mod7) = 3 

The cofactor of a 12 is 

C i2 = (-1) 1+2 M 12 = —3(mod 7) = 4 

Similarly, 

M 13 = 3, M 2I = 3, M 22 = 0, M 23 = 4, M 31 = 5, M 32 = 5 and M 33 = 6 
C 13 = 3, C 21 = 4, C 22 = 0, C 23 = 3, C 31 = 5, C 32 = 2 and C 33 = 6 

"2 4 3“ 

cofactor modular matrix of A = 4 0 3 (mod7) 

5 2 6 
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Definition 3 . 2 . 2 . 


If A is an n X n modular matrix, then the number obtained 
by multiplying the entries in any row or column of A by the 
corresponding cofactors and adding the resulting products is 
called the determinant of A, and the sums themselves are 
called cofactor expansions of A. That is, 

A= det(A) = ( a 1 jC 1 j + a 2 jC 2 j + —f a ny C n; ) (mod m ) 

rCofactor expansions along jth column] 

and 


A= det(A) = ( cluCh + a i 2 C i2 + —f a in C in ) (mod rri) 

rCofactor expansions along itli row] 

Example 3 . 2 . 2 . 

Find the determinant of the modular matrix 


A = 


3 1 3 
2 5 6 
1 4 1 


(mod 7), by cofactor expansion along the first row. 


Solution 


A = det(A) = 


3 1 3 
2 5 6 
1 4 1 


= (3 


5 6 
4 1 


-1 


2 6 
1 1 


+ 3 


2 5 
1 4 


)(mod7) 


= (3(-19) -l(-4) + 3(3))(mod 7) 
= - 44(mod 7) = 5 
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3.3 Adjoint of a modular matrix 

In a cofactor expansion we compute det(A) by multiplying 
the entries in a row or column by their cofactors and adding 
the resulting products. It turns out that if one multiplies the 
entries in any row by the corresponding cofactors from a 
different row, the sum of these products is always zero. (This 
result also holds for columns.) Although we omit the general 
proof, the next example illustrates the idea of the proof in a 
special case. 


Definition 3.3.1. 

The adjoint of nY.n modular matrix A is the n^n modular 
matrix with (i,y)t/i entry Cji, where Cji is (-i) l+J times the 
determinant of the modular matrix obtained by deleting the ith 
row and jth column from A. The adjoint of A is denoted 
by adj(A). 


Example 3.3.1 

Find the adjoint of the modular matrix 


A = 


3 

2 

1 


1 3 
5 6 
4 1 


(mod 7) 


Solution 

The cofactors of A are 


C -2 C 
'-'11 '“-'12 

r -A C 

'-'21 '-'22 

r =5 C 

'-'31 '-'32 


= 4, C l3 =3 
= 0, C 23 = 3 
= 2, C 33 = 6 
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The entire of adj(A) is Cji . Hence, the adjoint of A is 

'2 4 5“ 

adj(A) = 4 0 2 (mod7). 

3 3 6 

3.4 invers of modular matrix 

Definition 3.4.1. 

If A and A are n X n matrices of integers and if AA = AA = 
I (mod m), where 

"1 0 0" 

/ = 0 1 . ° (modra) is the identity matrix of order n, then A 

0 0 -l 

is said to be an inverse of A modulo m. 


Theorem 3.4.1. 


Let A = 1 (mod m) be a modular matrix of integers, 

C CL 

such that A= det A = ad — be is relatively prime to the 
positive integer m. Then, the modular matrix 

A = A \ d ^1 (mod m) 

[ -c a J 


Where A is the inverse of A modulo m, is an inverse of A 
modulo m. 
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Proof. 

To verify that the modular matrix A is an inverse of A modulo 
m, we need only verify that A A = A A = / (mod rri). 

To see this, note that 



a b 


d 

— b> 


ad — be 

O 

AA = 

c d 

A 

— c 

cl 

= A 

O 

— be -+- ad 


= A 


A 

O 


AA 

O 


1 

O 

O 

A 


O 

AA 


O 

1 


= / (mod /// ) 


and 


AA = A 


= A 


d 

— b 

a b 

= A 

ad — he 

O 

— c 

CL 

c d 


O 

— he -+- ad 


A 

O 


AA 

O 


1 

O 

O 

A 


O 

AA 


O 

1 


= /(modm), 


Where A is an inverse of A (modm), which exists 


because gcd (A ,m) = 1. Q.D.E 


Theorem 3.4.2. 

If A is an nxn matrix with det(A) ^ 0 , then 

A ■ adj (A) = det(A) ■ / 

Using this theorem, for this theorem follows readily. 

Theorem 3.4.3. 

If A is an nxn modular matrix with integer entries and m is a 
positive integer such that gcd(detA ,m ) = 1 , then the 

modular matrix A = A (ady’(A)) is an inverse of A modulo m, 
where A is an inverse of A= detA modulo m. 
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Proof. 

If gcd(det A,m) = 1, then we know that det A ^ 0. 
Hence, from Theorem 3.4.2. We have 

A ■ adj A = (detA)l = A/. 


Since gcd(detA, rn) = 1, there is an inverse AofA= detA 
modulo m. Hence, 


A (A adj A) = A ■ (adj /1)A= AA / = /(mod m), 

and 


A (adj A)A = A (adj A ■ A) = AA/ = /(mod m). 

This shows that ^4 = A ■ (adj A ) is an inverse of modulo m. 


Example 3.4.1. 

Find the invers for the modular matrix 


A = 


3 1 3 
2 5 6 
1 4 1 


(mod7). 


Solution 


Since A= det(i4) = 5, gcd(5,7) — 1 and A= 3 then the invers 
of A is 


A = 


“2 4 5“ 


"5 5 r 

4 0 2 

ii 

P 

I 

5 0 6 

3 3 6 


2 2 4 


(mod7) 
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a) A= detA = —5 (mod 7) = 2(mod 7) 

b) A= 2(mod 7) = 4(mod 7) 

"5 2 4 

c) cofactor of A = 4 0 1 

5 3 4 

“5 4 5“ 

^ adj(A) = 2 0 3 (mod7) 

4 14 

"5 4 5] [6 2 6" 

A = A • aclj(A) = 4 • 2 0 3 (mod7) = 10 5 (mod7) 
4 1 4 2 4 2 
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Chapter 4 

System of linear congruence 


4.1 introduction to system of linear congruence 

We will consider system of more than one congruences 
involving the same number of unknowns as congruences; 
where all congruences have the same modulus. 

We begin our study with an example. 

Suppose we wish to find all integers x and y such that both of 
the congruences. 

3x + 4y = 5(modl3) 

2x +5y = 7(modl3) 

Are satisfied. To attempt to find the unknowns x and y, we 
multiply the first congruence by 5 and the second by 4, to 
obtain. 


15x + 20y = 25(mod 13) 

8x + 20y = 28(modl3) 

We subtract the first and second, to find that 

7x = —3(mod 13) 

Since 2 is an inverse of 7(mod 13), we multiply both sides of 
the above congruences by 2.This give 

2 ■ lx = 2 ■ (—3)(mod 13) 

This tells us that 


x = 7 (mod 13) 
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Likewise, we can multiply the first congruence by 2 and the 
second by 3, to see that 

6x + 8y = 10(mod 13) 

6x + 15y = 21(mod 13) 

When we subtract the first congruence from the second, we 
obtain 

7y = ll(mod 13) 

To solve for y, we multiply both sides of this congruence by 2, 
an inverse of 7 modulo 13 .We get 

2 ■ 7y = 2 ■ 11 (mod 13) 

So that 

y = 9 (mod 13) 

What we have shown is that any solution (x,y)must satisfy 
x = 7 (mod 13),y = 9 (mod 13) 

Theorem 4.1.1. 

Let a,b,c,d,e,f andm be integers with m > 0, such 
that < gcd(A,m) = 1, where A = ad — be. Then, the system of 
congruence 

ax + by = e (mod m) 
cx + dy = f (mod m) 

Has a unique solution modulo m given by 
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x = A(de - bf)(mod m) 
y = A(af - ce)(mod m) 

Where A is an inverse of A modulo m. 

Proof. 

We multiply the first congruence of the system by d and the 
second by b. to obtain 

adx + bdy = de (mod m) 
bcx + bdy = b f (mod m) 

Then, we subtract the second congruence from the first, to find 
that 

(ad — be ) x = de — bf (mod m), 

Or, since A = ad — be, 

Ax = de — bf (mod m ). 

Next, we multiply both sides of this congruence byA, an inverse 
of A modulo m, to conclude that 

x = A (de — bf) (mod m) 

In a similar way, we multiply the first congruence by c and the 
second by a , to obtain 

acx + bey = ce (mod m) 
acx + ady = a if (mod m) 

We subtract the first congruence from the second, to find that 
(ad — bc)y = af - ce(mod m) 
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or 


A y = af — ce (mod m). 

Finally, we multiply both sides of the above congruence by A to 
see that 


y = A (a/ — ce) (mod m). 

We have shown that if (x, y) is a solution of the system of 
congruences, then 

x = A (de — bf ) (mod m) ,y = A (a/ — ce) (mod m). 

We can easily check that any such pair (x,y) is a solution. When 

x = A (de — b/)(mod m) and y = A (a/ — ce) (mod m),we 
have 

ax + by s= a A (de - bf) + b A(af - ce) 

= A (ade - abf + abf - bee) 

= A (ad - bc)e 
= e(mod m), 

and 


cx + dy = cA (de - bf) + dA(af - ce) 
= A (ede - bef + adf - ede) 
= A(ad - bc)f 
-AA/ 

= f(mod m) 


This establishes the theorem Q.D.E 
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Example 4.1.1 

Solve the system of linear congruence 

3x + 4 y = 5(modl3) 

2x + 5 y = 7(modl3) 

Solution 

By using theorem 4.1.1, we have; 

A= 3 ■ 5 - 4 ■ 2 = 7,gcd(7,13) = 1 
A= 7(mod 13) = 2 

x = 2(5 • 5 - 4 • 7)(mod 13) 
y = 2(3 • 7 - 2 • 5)(mod 13) 

Then, 

x = 7 (mod 13) 
y = 9 (mod 13) 

Now let us consider the system of congruence’s 

a 11 x 1 +a 12 x 2 + ... +a ln x n =b t (modm) 
a 21 x 1 +a 22 x 2 + ... + a 2n x n = b 2 (modm) 

a ni x i +a n2 x n + ... +a nn x n =b n (modm) 

Using modular matrix notation, we see that this system of n 
congruence’s is equivalent to the modular matrix congruence 

AX = B {mod m), 
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a n 

a i2 

• a \n 


h 


V 

where A = 

a 21 

Cl 2 2 

■ a 2n 

(mod m),X = 

x 2 

(mod m)\and,B = 

b 2 


Pnl 

a n2 •• 

• a nn_ 


*n_ 


A. 


(mod m). 


4.2 solving the system of liner congruence 


We now develop a method for solving congruence of the 
form AX = B (mod rri). This method is based on finding a 

modular matrix A such that4 A = /( mod rri), where I is the 
identity modular matrix. 


Theorem 4.2.1. 

If A is an invertible nxn modular matrix, then for each nxi 
modular matrix B, the system of linear congruence AX = 
Z?(mod m) has exactly one solution, namely X = A ■ 
Z?(mod rri). 

Proof. 

Since A(A ■ b) = (A ■ A)b = h(mod m), it follows that 
X = A ■ h(mod rri) is a solution of AX = jB(mod m). To show 
that this is the only solution, we will assume that x 0 is an 
arbitrary solution and then show that x 0 must be the 

solution A ■ Z?(mod m). 


Ifx 0 is any solution, then v4x 0 = B (mod rri). Multiplying 


both sides by A, we obtain x 0 = A ■ B (mod rri). Q.D.E 
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“2 

3 

r 

X 


“3“ 

1 

2 

3 


= 

1 

3 

2 

1 

z 


1 


Example 4.2.1. 

Solve the system of linear congruence 

2x + 3y + z ee 3 (mod 5) 
x + 2y + 3z = l(mod 5) 

3x + 2y + z = l(mod5) 

Solution 

We convert the system as modular matrix notation 


(mod 5) 


We find determent of modular matrix A 
A= det(A) = 12(mod 5) = 2 
A= 3 

gcd(A,m) = 1, "relatively prime" 

'3 2 r 

A = I 4 2 0 (mod 5) 

3 0 3 

By using Theorem 4.2.1, X = A Z?( mod m). Hence 

(mod 5) 


X 


'3 

2 

T 

"3" 

y 

= 

4 

2 

0 

1 

z 


3 

0 

3 

1 


X 


“2“ 

T 

= 

4 

z 


2 


(mod 5) Hence; 
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x = 2(mod 5) 
y = 4(mod 5) 
z = 2(mod 5) 

4.3 The Gauss-Jordan elimination for solving system of liner 
congruence 

In this section we will develop a systematic procedure for 
solving systems of linear congruence. The procedure is based 
on the idea of performing certain operations on the rows of the 
augmented modular matrix for the system that simplifies it to a 
form which the solution of the system can be ascertained by 
inspection 

The Gauss-Jordan reduction procedure for solving the 
system of linear congruence AX = Z?(mod m) is as follows. 

Step 1. Form the augmented modular matrix [a ; /jfmodw). 

Step 2. Transform the augmented modular matrix to reduced 
row echelon form by using elementary row operations modulo 
m. 

Step 3. The system of linear congruence that corresponds to 
the modular matrix in reduced row echelon form that has been 
obtained in step 2 has exactly the same solutions as the given 
system of linear congruence. For each nonzero row of the 
modular matrix in reduced row echelon form, solve the 
corresponding equation for the unknown that corresponds to 
the leading entry of the row. The rows consisting entirely of 
zeros can be ignored, since the corresponding linear 
congruence will be satisfied for any values of the unknowns. 
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Example 4.3.1. 


Solve the system of linear congruence 

2x + 3y + z = 3(mod5) 
x + 2y + 3z = l(mod 5) 

3x + 2y + z = l(mod5) 

By using Gauss-Jordan elimination method. 

Solution. 

Step 1. The augmented modular matrix of this system of linear 
congruence is 

2 3 1:3 

12 3:1 (mod5). 

3 2 1:1 

Step 2. We now transform the modular matrix in step 1 to get 
it in the reduced row echelon form as follows: 

We multiply the first row by 2 (mod 5) = 3 to have 1 in the 
leading element position. This gives 

14 3:4" 

12 3:1 (mod5). 

3 2 1:1 

We multiply the first row by — l(mod 5) = 4 and add the 
resulted row to the second one. Also, we multiply the first row 
by —3(mod 5) = 2 and add to the third row to obtain 

"1 4 3 i 4" 

0 3 0:2 (mod5). 

0 0 2 i 4 

In the last new matrix, we multiply the second row by 
3 (mod 5) = 2 to obtain 
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"14 3:4" 

0 1 0 i 4 (mod 5). 

0 0 2 i 4 

Then, we multiply the second row by —4(mod 5) = 1 and add 
the resulted row to the first row so that we get 

10 3:3" 

0 10i4 (mod5).. 

0 0 2 14 

Now, we multiply the third row by 2(mod 5) = 3 to have 1 in 
the leading element position of the third row. This leads to 

“10 3:3" 

0 10:4 (mod5).. 

0 0i:2 

We multiply now the third row by —3 (mod 5) = 2 and add to 
the first row to obtain 

“10 0 : 2 " 

0 10:4 (mod5).. 

0 0i:2 

Step 3. The system of linear congruence represented the step 2 
is 

x - 2(mod 5) 
y — 4(mod 5) 
z = 2(mod 5) 
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4.4 Cramer's rule for the system of liner congruence 

Cramer's Rule The next theorem provides a formula for the 
solution of certain system of linear congruence of n equations in 
n unknowns. This formula, known as Cramer's Rule is of 
marginal interest for computational purposes, but it is useful 
for studying the mathematical properties of a solution without 
the need for solving the system. 


Theorem 4,4.1. 

"Cramer's Rule" If 'AX = b( mod rri) is a system of linear 
congruence in n unknowns such that detA ^ 0 
and gcd(det(v4) , m) = 1, then the system of linear congruence 
has a unique solution. This solution is 

x, = A • det( Aj )(mod m) 
x 2 = A • det( A 2 )(mod m) 


x n = A • det(A n )(mod m). 

Where Aj is the modular matrix obtained by replacing the 

entries in the j th column of A by the entries in the modular 
matrix 


B = 


b 2 


(mod m) 
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Proof. 

If detA 0 and gcd(detCd), m) = 1 , then A is invertible 

and, by Theorem 4.2.1, X = A ■ b(mod m) is the unique 
solution of AX = b (mod m). Therefore, by Theorem 3.4.3, we 
have 


(mod m) 



"c„ 

c 

'-'12 


V 

X = A • b = A • adj(A) -b = A 

T>i 

^22 


b 2 


T, 

C„ 2 • 

Tm _ 

b n _ 


Multiplying the matrices out gives 


X =A 


b \Cu + b 2 C 2l H r b n C n] 
b\Ci2 + b 2 C 22 H f b n C n2 


(modm) 


PPin + b 2 C 2n + • • • + b n C n 

The entry in the j th row of x is therefore 

Xj = A (b 1 C lj + b 2 C 2 j H-f b n Cnj) 


Now let 


A; = 


^11 ^12 


a„ 


%-1 

a 2 H ^2 


b„ 


a \j+\ 


a 


In 


Cl 


2 2+1 


a 


2n 


a 


nj+l 


ci„ 


(mod m) 


Since differs from yf only in the j th column, it follows that 
the cofactors of entries b 1 ,b 2) -'‘ ,b n in Aj are the same as the 
cofactors of the corresponding entries in the j th column of A. 
cofactors expansion of det(Aj ) along the j th column is therefor 
det^Aj) = ( b 1 C 1 j + b 2 C 2 j + —f b n C n j ) (mod m).Then, 

Xj = A det(Aj) 


Q.D.E 
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Example 4.4.1 

Solve the system of linear congruence 

2x + 3y + z = 3(mod5) 
x + 2y + 3z = l(mod 5) 
3x + 2y + z = l(mod5) 

By using crammer's rule 

Solution 

A= det(A) = 12(mod 5) = 2 
A= 3 



3 2 1 

4 2 0 
3 0 3 


(mod 5) 


Now, by using Theorem 4.4.1 the solution is 





3 

1 

1 

2 

1 

3 

2 

1 

3 


3 

2 

2 

3 

1 

1 

3 

2 

2 


1 

3 

1 

1 

3 

1 

3 

1 

1 


(mod5),det(A 1 ) = —6(mod5) = 4 


(mod5),det(A 2 ) - 18(mod5) = 3 


(mod5),det(A 3 ) = —6(mod5) = 4 
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x = 3 • 4(mod 5) = 2 (mod 5) 
y = 3 • 3(mod 5) = 4(mod5) 
z = 3 • 4(mod 5) = 2(mod5) 


4.5 The system of linear congruence with finitely many 
solutions 


Definition 4.5.1. 

If a linear system of congruence has finitely many solutions, 
then a set of parametric equations from which all solutions can 
be obtained by assigning numerical values to the parameters is 
called a general solution of the system. 


Example 4.5.1. 


Solve the system of linear congruence 

x+ y+ z = l(mod5) 
2x + 4y + 3z = l(mod5) 


Solution 


By using Gauss-Jordan method we have 


The augmented modular matrix of this system of linear 
congruence is 


1 i i : i 

2 4 3:1 


(mod 5). 
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Reducing this modular matrix to reduced row-echelon modulo 
5 form 


10 3: 
0 13 : 


4 

2 


(mod5).. 


The corresponding system oflinear congruence is 

x +3z = 4(mod5) 
y + 3z = 2(mod5) 

Solving for the leading variable, we obtain 

x = 4 +2z(modm) 
y = 2 + 2z(modm ) 


Now, if we assign the free variable z arbitrary value t'mZ$, the 
general solution is given by the formulas 

x s 4 + 2gmod5) 
y = 2 + 2r(mod5) 
z= gmod5) 


For each t inZ 5 ; t = (0,1, 2,3, 4}, there exist a solutions such 
that 


If t = 0, then: 

x = 4(mod 5) 
y = 2(mod 5) 
z = 0(mod5) 

Iff = 1, then: 

x = l(mod 5) 
y = 4(mod5) 
z = l(mod 5) 

Iff = 2, then: 
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x = 3(mod5) 
y = l(mod5) 
z = 2(mod5) 


If t = 3, then: 

x = 0(mod5) 
y = 3(mod5) 
z = 3(mod5) 

If t = 4, then: 

x = 2(mod 5) 
y = 0(mod5) 
z = 4(mod5) 


Example 4.5.2. 

Solve the system of linear congruence 

x + 3_y+ z = 4(mod5) 
x + v + 4z = l(mod5) 
3x + y = 0(mod5) 


Solution 


By using Gauss-Jordan elimination method we have 

The augmented modular matrix of this system of linear 
congruence is 


13 1 : 
114 ! 
3 1 0 : 


4 

1 

0 


(mod 5).. 


Reducing this modular matrix to reduced row-echelon modulo 
5 form 
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"10 3:2" 

0 11:4 (mod5).. 

OOOiO 

The corresponding system of linear congruence is 

x + 3z = 2(mod5) 
v + z = 4(mod 5) 

Solving for the leading variable, we obtain 

x = 2 + 2z(mod5) 
y = 4 + 4z(mod5) 

Now, if we assign the free variable z arbitrary value tin Z^, the 
general solution is given by the formulas 

x = 2 + 2gmod5) 
y = 4 + 4r(mod5) 
z = r(mod5) 

Then the system of linear congruence has finitely many 
solutions such as: since t = 0, then 

x = 2(mod5) 
y = 4(mod5) 
z = 0(mod5). 
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4.6 The system of linear congruence with no solution 


Example 4.6.1. 

Solve the system of linear congruence 

x + 2y+ z = 2(mod5) 
2x + 3y + 3z =l(mod5) 
x + 2y+ z = 4(mod5) 


Solution 


By using Gauss-Jordan elimination method we have 

The augmented modular matrix of this system oflinear 
congruence is 


1 

2 

1 


2 i : 

3 3 : 
2 i ; 


2 

1 

4 


(mod 5).. 


Reducing this modular matrix to reduced row-echelon modulo 
5 form 


1 0 3 
0 1 4 
0 0 0 


1 

3 

2 


(mod5).. 


The system of linear congruence has no solution since 0 not 
congruent to 2 modulo 5. 
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4.7 Homogeneous linear system of congruence 

A system of linear congruence is side to be homogeneous if it 
the constant terms are all (zero or m); that is, the system of 
congruence has the form 

a n Xj + a 12 x 2 + ...+ a ln x n =0(modm) 
a 21 x, + a 22 x 2 +...+ a 2n x n = 0 (mod m) 

a „i x i +a n2 x n +...+ a nn x n =0(modm). 

Every homogeneous system of linear congruence is 
consistent, since all such systems have 
x 1 = 0(mod m), x 2 = 0(mod m), ,x n = 0(mod m) as a 
solution. This solution is called the trivial solution-, if there are 
other solutions, they are called nontrivial solution. Because a 
homogeneous linear system of congruence always has the 
trivial solution, there are only two possibilities for its solutions: 

• The system of linear congruence has only the trivial 
solution. 

• The system of linear congruence has finitely many 
solution in addition to the trivial solution 
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Example 4.7.1. 


Solve the homogeneous linear system of congruence 

2x + 5y + 6z = 0(mod 7) 

2x + z = 0(mod7) 

x + 2 y + 3z = 0(mod 7) 

Solution 

We solved by using Gauss-Jordan elimination 

The augmented modular matrix of this system of linear 
congruence is 

~2 5 6 i (f 

2 0 1:0 (mod 7). 

1 2 3 ! 0 

Reducing this modular matrix to reduced row-echelon modulo 
7 form 

"10 0 : 0 " 

0 10:0 (mod 7) 

0 0 1 ! 0 

The system of linear congruence has only the trivial solution. 
Such that: 

x = 0(mod7) 
y = 0(mod7) 
z - 0(mod7) 
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Example 4.7.2. 


Solve the homogeneous linear system of congruence 

x + 3y + z = O(mod 5) 
x + y + 4z = O(mod 5) 

3 x+ y = 0(mod5) 

Solution 

By using Gauss-Jordan elimination method we have 

The augmented modular matrix of this system oflinear 
congruence is 

"13 1 : 0 " 

114:0 (mod5) 

3 1 0 ! 0 

Reducing this modular matrix to reduced row-echelon modulo 
5 form 

1 0 3:0 

0 1 1 ; 0 (mod 5). 

o o o ; o 

The corresponding system oflinear congruence is 

x +3z = 0(mod5), 

V + z = 0(mod 5). 

Solving for the leading variable, we obtain 

v = 2z(mod5), 
y - 4z(mod5). 

Now, if we assign the free variable z arbitrary value /in Z 5 , the 
general solution is given by the formulas 

x = 2f(mod5) 
y = 4f(mod5) 
z = f(mod5) 

Note that the trivial solution results when t = 0(mod 5). 
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